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Sequentially compact sets
in a class of generalized Orlicz spaces
Jincai Wang
Abstract. In this paper, we will characterize sequentially compact sets in a class of
generalized Orlicz spaces.
Keywords: generalized Orlicz space L(M
−1), sequentially compact set, △2-condition
Classification: 46B20, 46E30
§1. Introduction and basic results
Definition 1.1. M : R −→ R is called an Orlicz function if it has the following
properties:
(1) M is even, continuous, convex on (0,∞) and M(0) = 0,
(2) M(u) > 0 for all u 6= 0,
(3) limu→0
M(u)
u = 0 and limu→+∞
M(u)
u = +∞.
Definition 1.2. A function φ : [0,∞) −→ [0,∞) is called a ϕ-function, if φ
satisfies
(i) φ(0) = 0, φ(u) > 0, u > 0;
(ii) φ(u) is increasing, continuous;
(iii) limx→∞ φ(x) =∞.
A ϕ-function φ(u) is said to satisfy the △2-condition for small u (for all u ≥ 0
or for large u), in symbol φ ∈ △2(0) (φ ∈ △2 or φ ∈ △2(∞)), if there exists
u0 > 0 and c > 0 such that φ(2u) ≤ cφ(u) for 0 ≤ u ≤ u0 (for all u ≥ 0 or
for u ≥ u0). The generalized Orlicz class, generalized Orlicz space and subspace,













x(t) : x(t) is measurable on a Lebesgue measurable set G and





x(t) : x(t) is measurable on a Lebesgue measurable set G and
ρφ(λx) < ∞ for all λ > 0
}
.
Now we denote by M−1 the inverse function to an Orlicz function M on
[0,∞). It is obvious that M−1 is a ϕ-function and it is a concave function.







(G) (see [1]). So we only study one of them. The
theory of generalized Orlicz spaces can be found in [2]. For convenience, we give
the following definition.
Definition 1.3. Let M−1 be the inverse function to an Orlicz function M on




(Ω,Σ, µ) = {x(t) : x(t) is µ measurable and ρM−1(x) < ∞}.
Let X be a vector space over K. ‖ · ‖ : X → R is called an F-norm if
(i) for every x ∈ X , ‖x‖ ≥ 0, and ‖x‖ = 0⇐⇒ x = 0,
(ii) ‖ − x‖ = ‖x‖,
(iii) ‖x+ y‖ ≤ ‖x‖+ ‖y‖,
(iv) ‖xn‖ → 0 =⇒ ‖αxn‖ → 0 for α ∈ K and αn → 0 =⇒ ‖αnx‖ → 0 for
x ∈ X .




(2) ‖x‖M−1 = inf
{







But we can define a more simple F-norm in LM
−1
as in Theorem 1.1 below. The
new F-norm is equivalent to the normal F-norm (2). Using the new simple F-norm,
we can investigate LM
−1
which we can call a generalized Orlicz space generated
by the Orlicz function M . These generalized Orlicz spaces include Lp (0 < p < 1).
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Theorem 1.1. ‖x‖(M−1) = ρM−1(x), x ∈ LM
−1






, ‖ · ‖(M−1)) is a linear complete space with F-norm ‖ · ‖(M−1).
So it is a Fréchet space.
Proof: By the basic properties of an Orlicz function M (see [1]), we have
M−1(|u+ v|) ≤ M−1(|u|+ |v|) ≤ M−1(|u|) +M−1(|v|),(3)
M−1(λ|u|) ≤ λM−1(|u|), λ ≥ 1,(4)
M−1(λ|u|) ≤ M−1(|u|), 0 < λ < 1.(5)
These estimates imply that L(M
−1) is a linear space and ‖ · ‖(M−1) is an F-norm.

Some properties of the generalized space L(M
−1) have been established in [3]
by M.M. Rao and Z.D. Ren. In this paper, we will discuss the criteria for a set
to be sequentially compact in L(M
−1).
The three criteria for a set to be sequentially compact in Lp[a, b] (1 < p < ∞)
were introduced by F. Riesz [4], Kolomogorov [5] and Krasnoselskii [6], respec-
tively. The three criteria were generalized to EM [a, b], a closed subset of Orlicz
space LM [a, b], by Takahashi [7], Gribanov [8] and Krasnoselskii [6], respectively.
In 1951, Tsuji [9] generalized the F. Riesz criterion to the space Lp (0 < p < 1).
Now we generalize the F. Riesz criterion and Krasnoselskii criterion for sequen-
tial compactness to the generalized Orlicz space generated by the Orlicz function
L(M
−1)(G).
§2. The Riesz criterion for sequential compactness in L(M−1)
A set A ⊂ L(M−1)[a, b] is said to be sequentially compact if, for any
{xn(t)}∞n=1 ⊂ A, there exists a subsequence {xni(t)}∞i=1 and x0(t) ∈ L(M
−1)[a, b]
such that limi→∞ ‖xni − x0‖(M−1) = 0.
Lemma 2.1. Let M(u) =
∫ |u|




≤ M−1(y)− M−1(x) ≤ y − x
p[M−1(x)]
.





and p(t1) ≤ p(t) ≤ p(t2) (t1 ≤ t ≤ t2), we have









Since M(t) is strictly increasing, M(0) = 0 and M(∞) = ∞, we can set x =
M(t1), y =M(t2). Thus we get (6). 
Lemma 2.2. Let M(u) =
∫ |u|
0 p(t) dt be an Orlicz function and let M ∈ △2,
then
(i) for nonnegative real numbers x 6= y,
(7) M−1(|y − x|) ≤ BM max{p(M
−1(x)), p(M−1(y))}
p[M−1(|y − x|)] |M
−1(|y|)− M−1(|x|)|,
where





(ii) Let a > 1 and 0 < y < x < ay, then
(9) p[M−1(x)] < aBMp[M
−1(y)].
Proof: (i). Since M ∈ △2, we have BM < ∞ (see [1]). So, by (8), for nonnega-
tive real numbers x 6= y, we have
M−1(|y − x|)p[M−1(|y − x|)]
|y − x| ≤ BM
or equivalently
|y − x| ≥ 1
BM
{M−1(|y − x|)p[M−1(|y − x|)]}.
By Lemma 2.1, we get
|M−1(|y|)− M−1(|x|)| ≥ 1
max{p(M−1(|x|)), p(M−1(|y|))} |y − x|
≥ M




M−1(|y − x|) ≤ BM max{p(M
−1(|x|)), p(M−1(|y|))}













So p[M−1(x)] ≤ p[M−1(ay)] ≤ aBMp[M−1(y)]. 
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For the proof of the main theorem, we need the following result.
Lemma 2.3 (Riesz). F ⊂ Lp[a, b] (1 ≤ p < ∞) is a sequentially compact set if
and only if
(1) F is bounded: ∃ c > 0, such that supx∈F ‖x(t)‖p ≤ c < ∞;
(2) F is equicontinuous: ∀ ε > 0, ∃ δ > 0, such that for |h| < δ,
sup
x∈F
‖x(t+ h)− x(t)‖p < ε.
The main result in this section is
Theorem 1.1. Let M ∈ △2 be an Orlicz function. Then a set F ⊂ L(M
−1)[a, b]
is sequentially compact if and only if





M−1(|x(t)|) dt ≤ c.





M−1(|x(t + h)− x(t)|) dt < ε.
Proof: Sufficiency. If x(t) ∈ L(M−1)[a, b], then M−1(|x(t)|) ∈ L1[a, b]. Now
we consider the function family F ′ = {M−1(|x(t)|) : x(t) ∈ F} ⊂ L1[a, b]. By
condition (1), we know F ′ is bounded in L1[a, b], i.e, ‖M−1(|x(t)|)‖1 ≤ c for all
M−1(|x(t)|) ∈ F ′. For every Orlicz function M(u) and x(t) ∈ L(M−1)[a, b], by
basic properties of Orlicz functions (see [1]), we have
|M−1(|x(t + h)|)− M−1(|x(t)|)| ≤ M−1(|x(t+ h)− x(t)|).





|M−1(|x(t + h)|)− M−1(|x(t)|)| dt < ε.
By Lemma 2.3 we know that F ′ ⊂ L1[a, b] is sequentially compact in L1[a, b].
So for any {xn}∞n=1 ⊂ F there exists a subsequence (denoted without risk of
confusion still by {xn}∞n=1) and x0 ∈ L1[a, b], such that {M−1(|xn|)}∞n=1
‖·‖1−→ x0.
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SinceM ∈ △2, ∀ 0 < ε < 6c (where c is introduced in condition (1)), ∃Kε > 0,
such that for u > 0, we have M( uε
6c






M−1(v), v > 0.
Choose ε′ < ε, such that
√
ε′ < 1Kε ,
√




ε′ < ε3 . Thus for

























‖·‖1−→ x0 ∈ L1[a, b], for ε′ > 0, there exists N(ε) > 0 such




|M−1(|xn(t)|) − M−1(|xm(t)|)| dt < ε′.
So for any n, m > N(ε), we set


























Obviously, G1, G2, G3 are pairwise disjoint, and [a, b] = G1 ∪ G2 ∪ G3. Thus
∫
[a,b]
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For G2,







































For G3, |xn(t)− xm(t)| ≤
√






























So for ε > 0, there exists N(ε) > 0 such that for n, m > N(ε), we have
∫
G










i.e., {xn}∞n=1 is a Cauchy sequence in L(M
−1)[a, b]. Since L(M
−1)[a, b] is complete,
there exists y0 ∈ L(M
−1)[a, b], such that limn→∞
∫
[a,b]M
−1[|xn(t)−y0(t)|] dt = 0.
Necessity. Denote G = [a, b]. We assume that F is a sequentially compact set
and condition (1) does not hold. Then there exists {xn(t)}∞n=1 ⊂ F , such that
∫
G
M−1(|xn(t)|) dt > n,
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and there exists a subsequence of {xn(t)}∞1 (we still denote it by {xn(t)}∞1 ) which
converges to x0(t) ∈ L(M
−1)(G) in ‖·‖(M−1). Thus for ε0 = 1, there exists N > 0
such that, for n > N ,
∫
G
M−1[|xn(t)− x0(t)|] dt < 1.










> n − 1→ ∞ (n → ∞),
so x0 /∈ L(M
−1)(G). This is impossible. The proof of the necessity of (1) is
complete.
Since the family of continuous function C(G) is dense in L(M
−1)(G), and a
continuous function is uniformly continuous in a bounded closed set G, for any
x(t) ∈ F and any ε > 0, there exists xc(t) ∈ C(G) such that
∫
G




and there exists δ(ε) > 0 such that
∫
G
M−1[xc(t+ h)− xc(t)] dt <
ε
3
for |h| < δ(ε).
Thus for |h| < δ(ε),
∫
G




M−1[|x(t+ h)− xc(t+ h)|] dt+
∫
G














The necessity of (2) is proved. 
Corollary 2.1. For Lp[a, b] (0 < p < 1) with F-norm ‖x‖p =
∫ b
a |x(t)|p dt,
A ⊂ Lp[a, b] is sequentially compact if and only if
(i) ∃ c < ∞, such that supx∈A ‖x‖p ≤ c;
(ii) ∀ ε > 0, ∃ δ > 0, such that for |h| < δ,
sup
x∈A
‖x(t+ h)− x(t)‖p < ε.
Sequentially compact sets in a class of generalized Orlicz spaces 127
Theorem 2.2. Let M be an Orlicz function such that M ∈ △2. Then F ⊂
L(M
−1)(−∞,+∞) is sequentially compact if and only if
(i) there exists c > 0 such that supx∈F
∫+∞
−∞ M




−1(|x(t)|) dt = 0 uniformly for x(t) ∈ F ,





M−1[|x(t+ h)− x(t)|] dt < ε.
Proof: Sufficiency. For [−1, 1], by (i), (iii) and Theorem 2.1, we know that





}∞k=1 ⊂ F in L(M
−1)[−1, 1].




|[−2,2]}∞k=1 is sequentially compact.






}∞k=1 ⊂ F in
L(M
−1)[−2, 2].




















, · · · convergence in L(M−1)[−2, 2],













, · · · convergence in L(M−1)[−m, m],
· · · · · · · · · · · ·
satisfying l1 ⊃ l2 ⊃ · · · ⊃ lm ⊃ · · · .












· · · , we get a Cauchy sequence
in L(M







(t)|) dt < ε
4
, k = 1, 2, · · · .
For [−N, N ], {x(k)
k
}∞k=N converges in L(M
−1)[−N, N ] (assume it converges to
x0 ∈ L(M
−1)[−N, N ]). Thus for ε > 0, there exists a K0 ∈ N such that for
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}∞k=1 is a Cauchy sequence in L(M
−1)(−∞,+∞) and, since
L(M
−1)(−∞,+∞) is complete, we know the sufficiency is true.
Necessity. The proof of (i) is similar to that of Theorem 2.1(1), now we prove
(ii) and (iii). If (ii) does not hold, then there exists an ε0 > 0 such that for any
nk > 0 there is xnk ∈ F with
∫
|t|>nk
M−1(|xnk (t)|) dt > ε0.
Choose n1 = 1. Then ∃x1 ∈ F such that
∫
|t|>1
M−1(|x1(t)|) dt > ε0.
Noting that ∫
(−∞,+∞)
M−1(|x1(t)|) dt < ∞,
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For n2, there exists x2 ∈ F such that
∫
|t|>n2







Following these steps, we get {x1, x2, · · · , xk, · · · } ⊂ F and
∫
|t|>nk

































i.e., ‖xk1 − xk2‖(M−1) > ε02 , so {xk}∞1 ⊂ F has no convergent sequence in
L(M
−1)(−∞,+∞), This contradicts the sequential compactness of F .
(iii) ∀ ε > 0, by (ii), ∃N ∈ N, such that
∫
|t|≥N
M−1(|x(t)|) dt < ε
4
for every x(t) ∈ F . So for all x(t) ∈ F and |h| < 1, we have
∫
|t|≥N+1


























−1[|x(t+h)−x(t)|] dt, by Theorem 2.1, we know that there exists





M−1[|x(t+ h)− x(t)|] dt < ε
2
.
Choose δ = min{1, δ1}; then for all x ∈ F and |h| < δ,
∫
|t|<∞




M−1[|x(t+ h)− x(t)|] dt +
∫
|t|>N+1











−1[x(t+ h)− x(t)] dt < ε. 
A natural consequence is given by:
Corollary 2.2 (Tsuji [9]). For Lp(−∞,+∞) (0 < p < 1) with F-norm ‖x‖p =∫ b
a |x(t)|p dt, A ⊂ Lp(−∞,+∞) is sequentially compact if and only if
(i) ∃ c < ∞, such that supx∈A
∫ +∞
−∞ |x(t)|p dt ≤ c,
(ii) limN→∞[supx∈A
∫
|t|≥N |x(t)|p dt] = 0,





|x(t+ h)− x(t)|p dt < ε.
§3. Krasnoselskii criterion for sequential compactness in L(M−1)
Definition 3.1. S ⊂ L(M−1)(G) is said to be sequentially compact in measure,




Definition 3.2. S ⊂ L(M−1)(G) is said to be equi-absolutely continuous in F-
norm, if ∀ ε > 0, ∃ δ > 0, such that for e ⊂ G and µ(e) < δ,
sup
f∈S
‖f · χe‖(M−1) < ε.
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Theorem 3.1. Let M be an Orlicz function and let µ(G) < ∞. Then S ⊂
L(M
−1)(G) is sequentially compact iff
(i) S is sequentially compact in measure;
(ii) S has an equi-absolutely continuous F-norm.
Proof: Sufficiency. For any {fn}∞n=1 ⊂ S, by (i) we know there exists a
subsequence, we still denote it by {fn}∞n=1, and f0 ∈ L(M
−1)(G), such that
fn
m−→ f0. Next we prove that the subsequence {fn}∞n=1 is a Cauchy sequence.







Choose ε′ < ε, such that M−1(ε′)µ(G) < ε2 . Denote Gn,m = {x ∈ G : |fn(x) −
fm(x)| > ε′}. By fn m−→ f0, we know limn,m→∞ µ(Gn,m) = 0. So for δ > 0,

















M−1(|(fn − fm)(t)χG\Gn,m(t)|) dt
= ‖(fn − fm)χGn,m‖(M−1) +
∫
G\Gn,m











By the completeness of L(M
−1)(G), we know {fn}∞n=1 converges in L(M
−1)(G).
Necessity. (i). Let S ⊂ L(M−1)(G) be a sequentially compact set. For
any {fn}∞n=1 ⊂ S there exists a subsequence, we still denote it by {fn}∞n=1, and
f0 ∈ L(M




f0(t)|) dt → 0(n → ∞). So fn m−→ f0.
(ii). Let S be a sequentially compact set. Then S is a complete bounded set.
So, for any ε > 0 there exists a finite ε2 -net of S {g1, g2, · · · , gN} such that S ⊂⋃N
i=1B(gi,
ε
2 ), where B(gi,
ε
2 ) = {f ∈ L(M
−1)(G) : ‖f − gi‖(M−1) < ε2}. Clearly,
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for ε2 > 0, there is δ > 0 such that for µ(e) < δ we have
∫
e M
−1(|gi(t)|) dt < ε2 ,
i = 1, 2, · · · , N . For any f ∈ S there exists gi0 such that f ∈ B(gi0 , ε2 ). For
e ⊂ G, µ(e) < δ, we have


















Thus for e ⊂ G with µ(e) < δ we have supf∈S ‖f · χe‖(M−1) < ε. 
Corollary 3.1. For Lp[a, b] (0 < p < 1) with F-norm ‖x‖p =
∫ b
a |x(t)|p dt,
A ⊂ Lp[a, b] is sequentially compact if and only if
(i) A is sequentially compact in measure,
(ii) A is equi-absolutely continuous in ‖ · ‖p.
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